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Abstract
We study theories of gravity with non-minimal coupling between polarized media with pole-dipole and
quadrupole moments and an arbitrary function of the space-time curvature scalar R and the squares of
the Ricci and Riemann curvature tensors. We obtain the general form of the equation of motion and show
that an induced quadrupole moment emerges as a result of the curvature tensor dependence of the function
coupled to the matter. We derive the explicit forms of the equations of motion in the particular cases of
coupling to a function of the curvature scalar alone, coupling to an arbitrary function of the square of the
Riemann curvature tensor, and coupling to an arbitrary function of the Gauss-Bonnet invariant. We show
that in these cases the extra force resulting from the non-minimal coupling can be expressed in terms of
the induced moments.
PACS: 04.20.Cv,04.20.Fy,04.40.-b,04.50.-h
1 Introduction
Various extensions of the general theory of relativity have been proposed in recent years to explain astrophysical
observations like the accelerated expansion of the Universe and rotation curves of spiral galaxies. A widely
known class of such proposals comprises variants of the so-called f(R) theories of gravity; see [1, 2, 3] for
reviews. Even these theories have been themselves subject to different modifications in the hope of obtaining
a more satisfactory picture, namely, by considering non-minimal couplings with matter [4, 5, 6, 7]. In the
models investigated in these references some powers of the curvature scalar R have been coupled to the matter
Lagrangian which have resulted in modified equations of motion. A more general case was considered in [8] in
which an arbitrary function of the curvature scalar non-minimally coupled with the matter Lagrangian. Taking
perfect fluids and scalar fields as matter fields, several implications of such a coupling were subsequently studied
in [9, 10, 11, 12, 13, 14, 15, 16, 17]. The effects of such a coupling on the dynamics of test particles have been
studied in [18] where it has been shown that an extra force emerges from the non-minimal coupling. The
explicit form of the force depends on the form of the matter Lagrangian and it has been shown in [19, 20]
that for the case of the perfect fluid for which there are several equivalent Lagrangians, one may end up with
vanishing or non-vanishing extra forces depending on the chosen form of the Lagrangian. In [21], it has been
argued that the Lagrangians which are equivalent for a non-coupled perfect fluid are not in fact equivalent
when the perfect fluid couples non-minimally to curvature. The author of [22] has argued that the form of the
coupling fixes the matter Lagrangian.
The extra force affects the world-lines of test particles. In fact within the framework of models with non-
minimal coupling, test particles move along non-geodesic trajectories in general [18]. Taking the effect of extra
force into account, the motion of test pole-dipole particles, i.e. test bodies with certain microstructures, has
been studied in [23] by using the method of multipoles [24, 25]. In this work we consider the motion of pole-
dipole and quadrupole particles in extended gravity models with more general coupling to matter. To this
end we consider a class of matter fields with a general dependence on a tetrad field, its covariant derivative, a
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velocity field, curvature tensors, and a generic set of matter fields, coupled to f(R) gravity action. In particular
we show that when the Lagrangian depends on curvature tensor through non-minimal coupling to geometry,
induced quadrupole moments emerges. We obtain the equations of motion for media with pole-dipole and
quadrupole moments non-minimally coupled to an arbitrary function of the curvature scalar and as a special
case we consider a Weyssenhoff-type spinning fluid from which we extract the equations of motion of pole-dipole
particles. The method can then be easily generalized to particles with electric charges. We also investigate the
motion of test bodies non-minimally coupled to an arbitrary function of the square of the Riemann curvature
tensor or to an arbitrary function of the Gauss-Bonnet invariant and show that the extra forces can be expressed
in terms of the induced quadrupole moments. The problem of induced quadrupole moments in media due to an
applied gravitational field has been studied in [26, 27, 28, 29, 30] in the context of general relativity. The study
of motion of quadrupole particles is well motivated by their role in gravitational radiation. Several examples of
motion of quadrupole particles in curved space-times of general relativity may be found in [31, 32, 33, 34, 35].
The effect of multipole moments of planets on bending of light rays has been discussed in [36], and it has been
suggested in [37, 38] that such effects may be detected by using microarcsecond astronomical interferometers.
In the subsequent sections we first give a brief review of the polarized media as formulated in [39, 40] and then
deploy it to obtain the equations of motion of polarized media with pole-dipole and quadrupole moments non-
minimally coupled to an arbitrary function constructed out of the curvature scalar and the squares of the Ricci
and Riemann curvature tensors. We subsequently consider three particular cases, the case of non-minimal f(R)
gravity, the case of coupling with an arbitrary function of the Riemann curvature tensor squared, and the case
of coupling to an arbitrary function of the Gauss-Bonnet invariant. In the first case, our investigation results in
equations of motion of particles with pole-dipole and quadrupole moments in non-minimal f(R) gravity. In the
second and third cases in which for simplicity no intrinsic moments (i.e. those originating from the structure
of the body) are assumed, we show that the extra force of the non-minimal coupling can be expressed in terms
of the induced moments. In the last section we discuss the results. Throughout the work we use the following
(anti)symmetrization conventions: A···(µν)··· ≡ A···µν···+A···νµ···, A···(µ···B···ν)··· ≡ A···µ···B···ν···+A···ν···B···µ···,
and A···[µ···B···ν]··· ≡ A···µ···B···ν··· −A···ν···B···µ···.
2 Particles with pole-dipole and quadrupole moments in General
Relativity
It has been shown in [39, 40] that by starting from a Lagrangian with the general form L(uµ, eµa , e˙µa , Rµαβγ)
in which uµ is a velocity field, eµa is a tetrad field satisfying e
a
µe
b
νηab = gµν , with ηab = diag(−1, 1, 1, 1),
e˙µa = u
α∇αeµa , and Rµαβγ = ∂αΓµβν − ∂βΓµαν + ΓµαδΓδβν − ΓµβδΓδαν is the Riemann curvature tensor, one can
arrive at the following energy-momentum tensor
Tµν = pµuν + Phµν −Bµν +Aµν (1)
describing a polarized fluid with pole-dipole and quadrupole moments. Here uµ is the four-velocity of a fluid
element, pµ its four-momentum, P is the pressure,
hµν = gµν + uµuν , (2)
Bµν =
1
2
∇α(sα(µuν) + sµνuα), (3)
Aµν = qµαβγRν
αβγ − 3qναβγRµαβγ − 2∇β∇αqα(µν)β (4)
where sµν is the fluid spin density and
qµαβγ =
∂L
∂Rµ
αβγ
(5)
is the quadrupole moment tensor, which is assumed to share the symmetries of the Riemann curvature tensor.
The above energy-momentum tensor is symmetric provided the spin evolution equation
∇α(uαsµν) = pµuν − pνuµ − 4R[µαβγqν]αβγ (6)
2
holds. The translational equation of motion
uν∇νpµ + pµ∇νuν + hµν∇νP + P∇ν(uµuν) = −1
2
Rµναβu
νsαβ + qαβγδ∇µRαβγδ (7)
can be obtained from ∇νT µν = 0 or by variation of world-lines [40]. The so-called Frenkel condition
uµs
µν = 0 (8)
ensures that spin remains space-like. Imposing the energy conditions may put further restrictions on the spin
tensor. By neglecting the quadrupole moments, the equations of motion of a spinning fluid (see e.g. [41] and
references therein) are recovered. By turning the spin off and setting the quadrupole moments equal to zero,
the standard perfect fluid energy-momentum tensor is recovered from Eq. (1).
As has been shown in [39, 40], the above procedure can be extended to Lagrangians of more general
dependence of the form
L ≡ L(uµ, eµa , e˙µa , φA) (9)
in which
φA = {Rµαβγ ,∇µ1 · · ·∇µmRµαβγ , ϕA,∇αϕA} (10)
with ϕA (A is a collective index) being a generic set of matter fields whose free field Lagrangians are also
included in the total Lagrangian. In particular by taking ϕA to be the electromagnetic field, the equations of
motion for charged particles would be obtained. Thus in the special case where particles have only pole-dipole
moments, the Mathisson-Papapetrou-Dixon [42] and Dixon-Souriau equations [43] for charge-less and charged
particles are recovered respectively. Multipole moments higher than the quadrupole moment are incorporated
via dependence on covariant derivatives of the Riemann curvature tensor.
3 Multipole particles in non-minimal extended gravity
The action for f(R) gravity with non-minimal coupling to matter is given by [18]
S =
∫ (
1
2
f1(R) + {1 + λf2(R)}Lm
)√−gd4x (11)
where Lm represents the matter Lagrangian, λ is a coupling constant, and f1(R) and f2(R) are arbitrary
functions of the curvature scalar R = gαγgβδRαβγδ. For λ = 0 this reduces to the usual f(R) gravity. As has
been shown in [18], one can obtain the following relation from the equations of motion associated with the
above action
∇νT µν = λf
′
2(R)
1 + λf2(R)
(gµνLm − T µν)∇νR (12)
where f ′2(R) =
df2(R)
dR
, and T µν is the matter energy-momentum tensor
T µν =
2√−g
δ(Lm√−g)
δgµν
. (13)
Here we consider a more general extension of the above action with the following form
S =
∫ √−g
{
1
2
R+
1
2
f + (1 + λF )L
}
d4x (14)
where f ≡ f(R,P,Q), F ≡ F (R,P,Q), and P = RµνRµν , Rµν being the Ricci tensor, Q = RµναβRµναβ is
the Kretschmann invariant, and L is a matter Lagrangian (see [44] for a cosmological model with this type of
action but with λ = 0). In fact one may think of (1 + λF )L as a Lagrangian of the type described by Eq. (9).
Various models including minimal or non-minimal f(R) gravity, modified Gauss-Bonnet gravity, the so-called
f(R,G) models [45, 46] where G = R2 − 4P +Q is the Gauss-Bonnet invariant, and the model introduced in
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[47] can be recovered as special cases by choosing appropriate forms for f and F . Functions with more general
dependence on curvature invariants (e.g. those introduced in [48]) may also be considered as toy models.
The equations of motion can be obtained by varying the above action with respect to metric components.
Defining
Hµν = (Rµν −∇µ∇ν + gµν)fR + 2RµαRναfP −∇α∇(ν(fPRαµ)) + gµν∇α∇β(fPRαβ)
+(fPR
µν) + 2RµαβγRναβγfQ − 2∇α∇β(fQRα(µν)β)
we have
Gµν +Hµν − 1
2
fgµν = (1 + λF )T µν − 2λHµν (15)
where  = ∇µ∇µ, dfdR , dfdP , dfdQ , dFdR , dFdP , and dFdQ stand for fR, fP , fQ, FR, FP , and FQ respectively, and Hµν is
obtained from Hµν by substituting
fR → LFR, fP → LFP , fQ → LFQ.
The matter equation of motion may be obtained by taking the divergence of both sides of Eq. (15), which
results in
∇νT µν = −λ
1 + λF
(∇νFT µν − 2∇νHµν) . (16)
Now if one chooses a Lagrangian of the form given by Eq. (9), the contributions from intrinsic pole-dipole and
quadrupole moments can be tracked through T µν terms in the above equation. However even if we choose
a Lagrangian involving no pole-dipole or quadrupole moments, quadrupole moment contributions would still
appear, through FR, FP , and FQ terms, in the dynamics. Thus the non-minimal coupling induces quadrupole
moments in the medium. The appearance of these induced moments is an essential feature of the models with
non-minimal coupling between geometry and matter. It is a novel phenomenon not observed in other modified
theories of gravity. To proceed further, we consider some rather interesting special cases of this model.
4 Pole-dipole and quadrupole particles in non-minimal f(R) gravity
In this section we restrict ourselves to a particular case of the model described above where f = f(R),
F = F (R), and L = L(uµ, eµa , e˙µa , Rµαβγ); i.e. we consider particles with pole-dipole and quadrupole moments
in non-minimal f(R) gravity.
Inserting Eq. (1) into Eq. (16) we obtain
uν∇νpµ + pµ∇νuν + hµν∇νP + P∇ν(uµuν) + 1
2
Rµναβu
νsαβ − qαβγδ∇µRαβγδ = fµ (17)
with
fµ =
λFR∇νR
1 + λF
(δµνLm − pµuν − Phµν +Bµν −Aµν) (18)
being the extra force resulting from the non-minimal coupling. There are some quadrupole contributions to
this extra force coming from dependence on curvature. These induced moment contributions can be computed
with the aid of the following relation
qαβγδ = (1 + λF )
∂L
∂Rαβγδ
+
1
2
g[αγgβ]δλFRL (19)
which is obtained from Eq. (5) by replacing L with (1+λF )L. In this equation the first term in the right-hand
side is proportional to the medium intrinsic quadrupole moment while the second one represents the quadrupole
moment induced as a result of the non-minimal coupling. One may use the above type of equations to obtain
a rough estimate of the magnitude of these induced moments. In the case of the model considered in this
section the magnitude of the induced quadrupole moment relative to the intrinsic one is of the same order as
of
λFR
1 + λF
.
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To obtain the equations of motion of particles with pole-dipole and quadrupole moments, in Eq. (17) we
set
P = 0, pµ = nPµ, sµν = nSµν , qµαβγ = nQµαβγ
and use ∇α(nuα) = 0, where n is the particle number density and Pµ, Sµν , and Qµαβγ are the single-particle
momentum, spin, and quadrupole moment respectively. This results in
uν∇νPµ = fµ − 1
2
Rµναβu
νSαβ +Qαβγδ∇µRαβγδ. (20)
If we neglect the quadrupole moments, this equation is the non-minimal f(R) gravity counterpart of the
Mathisson-Papapetrou-Dixon equation and agrees with the results of [23]. By turning the spin off, the non-
minimal coupling of f(R)-perfect fluid considered in [18] is achieved. For pole-dipole particles with electric
charges one can add the Maxwell energy-momentum tensor to the right-hand side of Eq. (1) and proceed as
above. This would result in the non-minimal f(R) gravity counterpart of the Dixon-Souriau equations.
A particular case of the model described above is the case where F (R) = R. If we also assume, for
simplicity, that P = 0 and the medium has no intrinsic pole-dipole or quadrupole moments, Eq. (17) together
with Eqs. (18) and (19) give
∇ν(uνpµ) = λ∇
νR
1 + λR
(
1
6
δµν q
αβ
αβ − pµuν
)
(21)
in which the following term
1
6
qαβαβ∇µ ln(1 + λR) ≈
λ
6
qαβαβ∇µR.
gives the contribution from the induced moment. One may omit the term pµuν in the right-hand side of Eq. (21)
by projecting normal to uµ. Note that according to [12] this particular toy model is not cosmologically viable.
We further remark that, as has been shown in [40], in deriving the energy-momentum tensors of the type
given in Eq. (1), it is not necessary to have the explicit form of the Lagrangian. Thus it is basically possible to
start with different Lagrangians and end up with the same energy-momentum tensor. In this sense, the case
of spinning fluids is even more degenerate than the perfect fluid. On the other hand for the explicit form of
the Lagrangians proposed in the literature, e.g in [49], the extra force does not vanish.
5 Particles in non-minimal f(Q) gravity
Now we take f = f(R), F = F (Q), and for simplicity take L the same as that of a perfect dust; i.e. we consider
particles with no intrinsic pole-dipole or quadrupole moments. Inserting these data back into Eq. (16) and
projecting the resulting equation normal to uµ, we get
ρuν∇νuµ = 4λ
1 + λF
hµκ∇ν{RκαβγRναβγFQL−∇α∇β(FQL(Rα(κν)β)}. (22)
Projection parallel to uµ would result in a continuity equation. In the above equation, one can express FQ in
terms of the quadrupole moments qµαβγ . In fact, by using Eq. (5) with L being replaced by (1+λF (Q))L, we
have
qµαβγ = 2λLFQRµαβγ (23)
from which we obtain
λLFQ = 1
2Q
qµαβγR
µαβγ . (24)
Inserting this back into Eq. (22) we will arrive at an equation which shows that the particles do not follow
geodesics of the space-time due an extra force resulting from the non-minimal coupling. The extra force,
which is proportional to the right-hand side of Eq. (22), is normal to the particle trajectories and involves
quadrupole moments. Thus, as in the previous case, the non-minimal coupling induces quadrupole moments
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in the medium. The magnitude of these induced moments depend on the strength of the coupling (controlled
by λ) and the function F .
For the particular case of F (Q) = Q we have
ρuν∇νuµ = 2λ
1 + λQ
hµκ∇ν
{
RκαβγRναβγ
qρστωR
ρστω
Q
−∇α∇β
(
qρστωR
ρστω
Q
Rα(κν)β
)}
(25)
which shows explicitly dependence on the induced moments.
6 Particles in non-minimal Gauss-Bonnet gravity
Another interesting model sharing the above mentioned property is the one in which a function of the Gauss-
Bonnet invariant is coupled to matter. Such models are of special interest partly due to the fact that F (R,G)
are the only subclass of F (R,P,Q) models which are free of ghosts [50, 51].
By taking f = f(R), F = F (G) and performing calculations similar to those in the previous section, we
obtain
ρuν∇νuµ = 4λ
1 + λF
hµκ∇νKκν , (26)
where
Kκν = (Rκν −∇κ∇ν + gκν)LRF ′ − 4RκαRναLF ′ + 2∇α∇(ν(LF ′Rακ))− 2gκν∇α∇β(LF ′Rαβ)
−2(LF ′Rκν) +RκαβγRναβγLF ′ −∇α∇β(LF ′Rα(κν)β)
and F ′ stands for dF (G)
dG
. Also from Eq. (5) with L replaced by (1 + λF )L we have
λLF ′ = 1
2G qµαβγR
µαβγ (27)
which can be inserted back into the expression for Kκν to express the right-hand side of Eq. (26) in terms of
the induced quadrupole moments.
7 Conclusions
We have obtained equations of motion of polarized media with non-minimal coupling to an arbitrary function
of the curvature scalar and the squares of the Ricci and Riemann curvature tensors. As a special case, we
considered the non-minimal f(R) coupling and obtained the equations of motion of particles with pole-dipole
and quadrupole moments which agree with the results of [23] when the quadrupole moments are absent. Such
equations might be used to study the motion of astrophysical objects with pole-dipole or quadrupole moments
in the context of modified gravity with non-minimal coupling.
We have shown that, for coupling to a function of rather general dependence as described above, the non-
minimal coupling induces quadrupole moments. The magnitude of these induced moments depend on the
strength of the coupling and the function coupled to the matter field. The extra force resulting from the
coupling can be expressed in terms of the induced moments. We have shown this explicitly for the example
case where the coupling function depends only on the Kretschmann invariant and also for the case where the
matter Lagrangian couples to an arbitrary function of the Gauss-Bonnet invariant. By taking dependence on
covariant derivatives of the Riemann curvature tensor, higher order intrinsic and induced moments can also be
accounted for.
The emergence of induced moments is an essential property differentiating non-minimal modified gravity
theories from other modified gravity theories. These induced moments are model-dependent, and possible
detection of them via solar system experiments such as the bending of light rays using high precession mea-
surements like those provided by microarcsecond astronomical interferometers might be a test for these models.
Keeping the interrelations between gravity and geometry in mind, the quadrupole moments induced by non-
minimal coupling to geometry may be compared with the induced quadrupole moments from gravitational
fields applied to the media.
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